Abstract. In this paper, we classify the subalgebras by their family of level subalgebras in B-algebras.
Preliminaries
A B-algebra ([10] ) is a non-empty set X with a constant 0 and a binary operation " * " satisfying axioms:
(I) x * x = 0, (II) x * 0 = x, (III) (x * y) * z = x * (z * (0 * y)), for all x, y, z ∈ X. For brevity we also call X a B-algebra. In X we can define a binary relation " ≤ " by x ≤ y if and only if x * y = 0. A non-empty subset I of a B-algebra X is called a subalgebra of X if x * y ∈ I for any x, y ∈ I. Let N ( * ) be the normal subgroup of F < x, y, z > generated by the elements w(a, b, c). Let G = F < x, y, z > /N ( * ). On G define the operation "·"as usual and define
It follows that (uN ( * )) * (uN ( * )) = eN ( * ), (uN ( * )) * (eN ( * )) = uN ( * ) and
Hence (G; * , eN ( * )) is a B-algebra.
Definition 2.3. ( [7] ) Let µ be a fuzzy set in a B-algebra. Then µ is called a fuzzy subalgebra of X if
Definition 2.4. Let µ be a fuzzy set in a set X. For t ∈ [0, 1], the set
is called a level subset of µ.
Fuzzy subalgebras of B-algebras
In this section we classify the subalgebras by their family of level subalgebras in B-algebras. Proof. If µ is a fuzzy subalgebra of X and µ t = ∅, then for any
which implies x * y ∈ µ t and so µ t is a subalgebra of X. Conversely, for any x, y ∈ X, denote by t = min{µ(x), µ(y)}. Then by the assumption µ t is a subalgebra of X, which implies x * y ∈ µ t . Hence µ(x * y) ≥ t = min{µ(x), µ(y)}. Thus µ is a fuzzy subalgebra of X. Theorem 3.2. Let X be a B-algebra and let µ be a fuzzy set in X such that µ t is a subalgebra for all t ∈ [0, 1], t ≤ µ(0). Then µ is a fuzzy subalgebra of X.
Proof. Let x, y ∈ X and let µ(x) = t 1 and µ(y) = t 2 . Then x ∈ µ t 1 and y ∈ µ t 2 . Assume that t 1 ≤ t 2 . Then µ t 2 ⊆ µ t 1 and so y ∈ µ t 1 . Since µ t 1 is a subalgebra of X, we have x * y ∈ µ t 1 . Thus µ(x * y) ≥ t 1 = min{µ(x), µ(y)}. This completes the proof. Proof. Let A be a subalgebra of a given B-algebra X and let µ be a fuzzy set in X defined by
where t ∈ (0, 1) is fixed. It is clear that µ t = A. We prove that such defined µ is a fuzzy subalgebra of X. If x, y ∈ A, then also x * y ∈ A.
If at most one of x, y belong to A, then at least one of µ(x) and µ(y) is equal to 0. Therefore min{µ(x), µ(y)} = 0 and µ(x * y) ≥ 0, which completes the proof.
As a generalization of Theorem 3.4, we prove the following theorem:
there exists a fuzzy subalgebra of X whose level subalgebras are exactly the subalgebras of this chain.
Proof. Consider a set of numbers
We claim that µ is a fuzzy subalgebra of X. Let x, y ∈ X. Then we distinguish two cases as follows:
Since A i is a subalgebra, it follows that x * y ∈ A i , and so either x * y ∈ A i − A i−1 or x * y ∈ A i−1 . In any case we conclude that
Thus µ is a fuzzy subalgebra of X. From the definition of µ, it follows that Im(µ) = {t 0 , t 1 , · · · , t r }. Hence the level subalgebras of µ are given by the chain of subalgebras
This completes the proof.
Note that if X is a finite B-algebra, then the number of subalgebras of X is finite whereas the number of level subalgebras of a fuzzy subalgebra µ appears to be infinite. But since every level subalgebra is indeed a subalgebra of X, not all these subalgebras are distinct. The next theorem characterizes this aspect. Proof. Assume that µ t 1 = µ t 2 for t 1 < t 2 and that there exists x ∈ X such that t 1 ≤ µ(x) < t 2 . Then µ t 2 is a proper subset of µ t 1 , which is a contradiction.
Conversely, suppose that there is no x ∈ X such that t 1 ≤ µ(x) < t 2 . Since t 1 < t 2 , we have µ t 2 ⊆ µ t 1 . If x ∈ µ t 1 , then µ(x) ≥ t 1 and so µ(x) ≥ t 2 , because µ(x) does not lie between t 1 and t 2 . Hence x ∈ µ t 2 , which implies that µ t 1 ⊆ µ t 2 . This completes the proof. Remark 3.7. As a consequence of Theorem 3.6, the level subalgebras of a fuzzy subalgebra µ of a finite B-algebra X form a chain. But µ(x) ≤ µ(0) for all x ∈ X. Therefore µ t 0 , where t 0 = µ(0), is the smallest level subalgebra but not always µ t 0 as shown in the following example, and so we have the chain
Example 3.8. Let A be a non-trivial subalgebra of a B-algebra X. Let µ be a fuzzy subalgebra in Theorem 3.4. Then Im(µ) = {0, t}. Further, the two level subalgebra of µ are µ 0 = X and µ t = A = {0}. 
Proof. Let t ∈ [0, 1] and t /
∈ Im(µ). Suppose t 1 < t 2 < · · · < t n without loss of generality. If t ≤ t 1 , then µ t 1 = X = µ t . If t > t n , then µ t = ∅ obviously. If t i−1 < t < t i , then µ t = µ t i by Theorem 3.6. Thus for any t ∈ [0, 1], the level subalgebra is one of {µ t i |i = 1, · · · , n}.
The following examples show that two fuzzy subalgebras of a Balgebra may have an identical family of level subalgebras but the fuzzy subalgebras may not be equal. However it is clear that µ is not equal to ν.
Lemma 3.11. Let X be a B-algebra and µ a fuzzy subalgebra of X. 
Proof. (i) By Corollary 3.9, the only subalgebras of µ and ν are the two families µ t i and ν s i . Since µ and ν have the same family of level subalgebras, it follows that r = k.
(ii) Using (i) and Remark 3.7 we have chains of level subalgebras
It follows clearly that if
Since the two families of level subalgebras are identical, it is clear that µ t 0 = ν s 0 . By hypothesis µ t 1 = ν s j for some j > 0. Assume that µ t 1 = ν s 1 . Then µ t 1 = ν s j for some j > 1, and ν s 1 = µ t i for some t i < t 1 . Thus by ( * 1) and ( * 2) we get that
This is a contradiction. Hence
This gives from ( * 2) that ν s j ⊆ ν s i . Since x ∈ ν s j , it follows from (ii) that x ∈ µ t j and so µ(x) = t i ≥ t j , which implies that µ t i ⊆ µ t j by ( * 1). Using (ii), we have 
follows that µ(x) = ν(x) for each x ∈ X. Therefore µ = ν and therefore the proof is complete.
Let F denote the class of fuzzy subalgebras of a finite B-algebra X. Define a relation " ∼ " on F as follows: for any µ, ν ∈ F , µ ∼ ν if and only if µ and ν have the identical family of level subalgebras. We note that by Theorem 3.10, two elements µ and ν of F may be such that µ ∼ ν but µ and ν need not be equal. The following lemma is easy to prove.
Lemma 3.14. The relation ∼ is an equivalence relation.
If µ ∈ F , let [µ] denote the equivalence class determined by µ. Since X is a finite B-algebra, the number of distinct level subalgebras of X is finite because each level subalgebras is a subalgebra of X. From Theorem 3.4, it follows that the number of possible chains of level subalgebras is also finite. Since each equivalence class is characterized completely by its chain of level subalgebras, we have the following theorem: Theorem 3.15. If X is a finite B-algebra, then the number of distinct equivalence classes in F is finite.
